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Trees

Ahf
CT) =3

⇒
1 widlt )=4

Roots →

Height : Greatest distance from } ht ( T )
any

node to the root

width : Greatest # nodes on a

} wid ( T )
single level

.
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MainR_ts Fix any prob .

distribution ftp.R.pz ,
... ) on IN ( so E. Pit 1)

Let
T be GW ( p )

distributed

# children ;

/
s distributed as p ,

independently at each node .



Maids Fix any prob .

distribution ftp.R.pz ,
... ) on IN ( so E. Pit 1)

LetT be GW ( p )
distributed

.

Write

MCP

) =§o ipielo ,

a ]
.

Theorems (
"

Most trees are short eifat
'

)

There
is a Universal constant d > 0 st

.

p( ht ( T ) > ¥p
,.widlT)) Eexpfok )

.

Remark : Let o= # nodes of T
.

If µ( p ) > 1 then P ( 0=0 ) > 0
,
andPilhttttwid

.

(T ) = a 10=4--1
.

Also
, given that o< a the and

.

dist
.

of T is GW (p ) where §, =p , ,

µ (f)

s
/ so

can assume µ(

PK
1

.

Heuristic : GW trees satisfy wid ( T ) . ht (
THO

2 2

Implies " ht > C. wid
"

I "ht2> C. o
"

so might guess that P( htlt) > tsf) ,< exp ( - or k2 )iff



MainR_Hs Fix any prob .

distribution p=( Papi , pz ,
... ) on IN ( so E. Pit 1)

LetT be GW ( p )
distributed

.

Write

MCP

) =§o ipielo ,

a ]
.

Theorems (
"

Most trees are short iefat
'

)

There
is a universal constant d > 0 st

.

P ( ht ( T ) > ¥p
,.widlT)) Eexpfok )

.

Remark : Let 0= # nodes of T
.

If µ( p ) > 1 then P ( 0=0 ) > 0
,
andPilhttttwid.

(T ) = a 10=4--1
.

Also
, given that o< a the and

.

dist
.

of T is GW (p ) where §, =p , ,

µ (f)s/ so
can assume µ(PK1

.

Heuristic : GW trees satisfy wid ( T ) . ht (THO
Implies " ht > dwid"

=
" ht

'
>

to
"

so P(htH) > E-
F)

E exp ( - or k2 )
Pi

Theory : PCHCT ) >

ftp.nohkexpfo.KZ

)



Heuristic : GW trees satisfy wid ( T ) . ht ( THO

Question : What is sup Elwid ( T ) a ht ( T ) 10 ] ?

Supremum over p
where T ~ GW ( p ) .

Question : What is the behaviour of

sup Elwidlt ) . ht A) 101o=n ]

as a function of n ?

( At least clogn : lower bound in article )



Galton - Watson Trees

° Each node has random # of children

° Nodes reproduce independently
.

Construction

←
,

izl
) independent copies of a

poygndomvariable C with

,§oPK=k

) =L
.

The
sequence (

Ci
,

izl
) gives # children of

nodes
,
in

breadth
- first search order

E±amplg :( 2.1
,
3

, QO
,

1

,
0,2 ,QO. 1,4

,

0
, . . . )

O 0

.

2

:
3

2



Galton - Watson Trees

° Each node has random # of children

° Nodes reproduce independently

Construction
•

Mille
pendent copies of a Halting Condition

random variable C with§oP(C=k) =L
.
For I 30

istepso_Bs
Rule #

nodes
discovered by time i

.

The
sequence ( Ci,

isl
) gives # children of i

= 1 + § C .

nodes
,
in

breadth
- first search order j

s

# vertices explored by time
.
i = i

Fokine.q .

Let si. it,&lat
= # nodes in

"

BFS queue
"

at time i

( discovered but not explored )

S = ( Si
,

i 30 ) = BFS queue process .# ¥, # a. , ,

.ge#ezm.nes+,=infsn:l+EG=n3=infsn:Sn=0

}



Setup
.

Let

Si
= It

,§(G
- 1) = # nodes in

"

BFS queue
"

at time i
g ;

←

Ec < 1 ⇒

Elsa
,

- Snl = EC . KO

TKF
°o%#i¥Eoh§y§←Tk

Fi?#t.ie?In9oaes
left to explore \ )Pjrp : Let W ( i ) = Max ( S .

,

oe ,
< )

.

Then didA) E (hhoyziwcioy
g

Proof : During BFS on level K
,

" exploration queue
"

C Tk UTk+ ,
i

and = Th, at start of level K
. a

Sow( o ) is a good proxy for wid CT ) .



Setup
.

Let

Si
= It

,§(G
- 1) = # nodes in

"

BFS queue
"

at time i
g ;

←

Ec < , ⇒

Elsa
,

- Snl = EC - KO

TKF
°o%#i¥.pk#y ←Tk

0

III§Yiimesnionoaes
left to explore \ /What can act as a proxy for htt ) ?

0

idea : HH ) =¥tI'1=¥E
,

'

E. its

,E¥IY*q
,¥ EE

'E=
:

HH
)

ht (

¥FPziµ
( o )

.

when KETK then Six III 1

>Proof : If vie Tk then Si El Tku Tk+ , I , so v§tµ¥ 3 l¥¥I+
, l

If v
,

is the jth node in Tt then Sit ITK uTk+, tj so v§tµ¥3§ .,kN¥#3 log ( KY¥rtl )
l

kti /Combine these bounds
,

use that 50=1,
So = 0

a
.



Set-up
.

Let

Si
= It

,§(G-
1) = # nodes in

"

BFS queue
"

at time i
g ;

←

Ec < 1 ⇒

Elsa
,

- Snl - EC - KO

TKF
F##io0¥E%e§←Tk

O=inf{ n :Sn=o }
= first time no nodes left to explore

WCI
)=max( S

;

,oej<
i )

. \ )
i

Hci
) E 's 0

j j

Pdp :

Prgp : widt ) E (WHK,WH]
htH<3H(

o )
.

Corollary ° prove P( ht ( T ) >ftp.widlt)) Eexpfdk )

suffices
to prove P( H ( o ) 3¥ ,

W(

4)
E E

d.
K

.



Wcitmax( S ;,oej< i )HH )=§ ,'F Aim :p(

HH
) 3¥ ,

WHKEOKkeytool : Decomposition into scales
.

When

Sgt
(" scale l "

)
,

have

Hlj
) -

Hcj
.

1)
=¥=

zetSo bound (a) time to change scales ,

(b)
"

# visits toscales"=NH
),l > 1)

(a) Thy ( Levy ; Doeblin ; Kolmogorov ; Rogozin ; Le Cam : Esseien : Kesten ) :

With p=maxpi ,
have

max,×p(sn=k)fn¥p ,
C > 0 Universal

.

"

Any random walk spreads out over 3 fn values by time n' !

Here in =2l
.

Thus ifSiew,
Zt" ]

,
T = ;nf{ j > i :Sj ¢ (24242 ] }thentfei has sub exponential upper tail :
PCT

-

is
, K .

44 Ee
.
dk

.

so Hltatetkil K¥12
"

= 2. Tjei also has sub exponential tail
.



Wcotmax( Si ,oei< o )

HottestAim :p(HH ) 3¥ ,WHKEOKkeytool : Decomposition into scales
.

When S ;
a £( " scale l "

)
,

have H ( j ) - H ( j -1) = s÷=zet
So bound (a) time to change scales ,

(b)
"

# visits toscales " =NH), l >. 1)

( b ) ✓ ( e) = # visits to scale l
.

A visit to scale l starts at a time i withSiew , Zlty ;

ends at time T = ;nf{ j > i : Sj¢ ( 24242 ] }



Wcotmax( Si ,oei< o )

HottestAim :p(HH ) 3¥ ,WHKE
ok

keytool : Decomposition into scales
.

When S ;
a £( " scale l "

)
,

have H ( j ) - H ( j -1) = s÷=zet

So bound (a) time to change scales ,

(b)
"

# visits toscales " =N(l ) , l >. 1)

( b ) ✓ ( e) = # visits to scale l
.

= # { i : Li =L .
}

Fast : Gaven That

VUHO
,

Hl
) dominated by

sum of 2 Geom (E) r.us ; ⇒ P ( v ( l ) >KIVH)> 0) E I
H
?

Proof : visits to scale l entail Up crossings of [ 242-9 or of [ It
'

, 249
.

Both are hard since walk has non . positive drift
. a



Wcotmax( Si ,oei< o )

HottestAim :p(HH ) 3¥ ,WHKE
ok

keytool : Decomposition into scales
.

When S ;
a £( " scale l "

)
,

have H ( j ) - H ( j -1) = s÷=zet

So bound (a) time to change scales ,

"

kthscaleyisited
( b ) # Visits to

scales
" =(✓ ( l ) , ly )

i

x f ×

(a)Item(2h42 so P (H . "

- Has fp
.

21
↳ =L ) E e-

o

timeto change scale

( b ) V(e) = # visits To scale l
. P ( V ( l ) >KIVH)> 0) { I

k "

(a) + C b) ⇒ Total contribution of level l to height is

0 if V ( l )=O
.

{ Off) with exp .

tails ifHl) > 0
.

So Hcoy £zmaxllivll) to )

g
W(µ



the marks
-

° Stronger results if add info
.

about tails of

degrees .

Ed • If µ(p ) sl
,
Var (P) =ve ( o ,

- ) then Fxo sit
.

V. x ? >co
,

IPC ht ( T ) >Kxltlkleexpfvxy
•

If in fact

µ(p)=1
then V. n ? I

,

PCHCT ) > KxltlklITI ? n ) eexpfvxy

• If Fxe ( 1,2 ]
,
M > 0 st

. §
.

Pi >

¥
V. i ? ! then V. xsl

,

p(ht( T ) > ¥ . #
¥ ) .< expfx

. )
MK - I)

• If µ( P ) el , varcp ) = a then He > OF no st
.
V. x > 0

,

n ? no
,

P( htct ) > xltlk ,
ITI > n ) -< Iexpfxye )

n' 12



Conjectures
° Conjecture : All this works even conditional on size

of tree : P ( HH ) > A.mwidl

DI
o=n )

Eexpc
- arm )

NB : Here should have or =D ( Pap ,
)

o Conjecture : Binary trees are the tallest
.

More specifically :

Consider random trees tn with a fixeddegreeseq k = ( ni
,

is 0 )

Here Ni = # nodes with i children
.

with Enito, then Eini = 0 - 1

Then to stochastically maximize ht ( Tri ) among sequences withno=n
, ni 0

,
one should choose the seq .

( n ,an-1,0 , 0,0 , ...
)

Part 2 :

Binarytrees stochastically maximize the height of a random node
.



Conjecture : Binary trees are the tallest

Consider random trees tn with a fixeddegreeseq I - Ini
,

iso
)

.

Here N ;
= # nodes of deg i

.

Y# childrenTostochastically maximize ht ( Tri ) among sequences withnen
,
n ,= 0

,

choose the seq .

bin ( n ) = ( n ,

an-1,0
, . .

.)

"

Evidence
"

.

Proposition : et A = ( n ,
0

,
Nz ,

n
} , ... )

,

let (Tre
,

V ) be a random marked tree with
^ a

degree sequence R
.

\
distinguished node

Let binln ) = ( n ,
0
,
n - i. 0,0 , ...

)
,
let (Tb .mn , , W ) be a random marked binary

tree with n leaves
.

Then height ( V ) last height
( w )

.

Main idea of proof : grow the paths from the roots to V and to W one

step at a time
, compareconditionalstopping probabilities .

( More details forthcoming .)



Warm . up :

n
# binary trees

,
n leaves

=zn÷
,
(

2n
"

)

# trees with degree seq .

I
.

With

Idle
Eni then get

IT11h11.¥1(ni ?i :o)
=

Fine
.

=¥1° # lattice walks
,

n ; steps of size i - I
,

K Zn - K

# binary forests
,

n leaves
,

K connected components=zIk( n )

k

lril# forests with degree seq .

I
.

With k trees
,
then get# (ni

,
i ,o )⇒To# lattice walks

,
n ; steps of size i - 1

,

#markedforests with degree seq .

I
,
Mark in last tree

lril .
1-

. # forests with degree seq .

I
distinguished K
vertex

= (

n.MY
,o) = # lattice walks

,
n ; steps of size i - I

Lattice path interpretation

s 6
32

• •

2 3 4
1 • 0 • •

• • O

1 2 3 4 5 6 1 2 341- 1 • •

. z •

- 3



Trunks of Trees

w
Let (

IW
) be a random marked binary tree

,
n leaves

.

@€
§oyhiTrunk = path from root to

marked
vertex

, §¥a

together with children of path vertices
Sk \/ vz✓

" ' '

%
# Marked

binary
trees with n leaves

,
trunk

containing § ,

"

¥( markednode in subtree rooted at vr )V¥= # binary forests with n leaves
,
K trees

,

mark in last tree = ( 2hL
k

)¥
p

# Marked binarytrees with n leaves
,

trunk
containing Sin

,

=

(Znfk) 5k¥v, ,+ ,
Ratio is ( Zn . k - i ) ! n ! Cn . H !

rtoy

,Wilen - zF¥

any
,

Two possible choices for Vku ( left or right) µSo

PCW
- vi.

Hrunk
contains §,

)=1
- 2 .

# =
± v¥

Zn - K Zn - K

\o/
=1/E(Size of subtree above vi.IT contains Sk) 4 =p



SK

•
rk Proposition

*{vi. . ,
Let CIV ) be a random marked tree with degree

sequence
R

.
Fix K and St. with PC Trunk contains Si . ) > 0

.#%°
Then P(V=vµ1 Trunk contains Sk)

# vz =1/IE(Size of subtree above vi.IT contains Sk)°vi
= # subtrees hang '

=

It ,§Y@egcvpy)
ng from

trunk
.

a- C÷
( # vertices in these subtrees d

NB :
• With R=(n

,
0

, nz ,

n } , ... ) we have IRI ⇐ 2h - 1

. Total # subtrees hanging from trunk is |+§I( deg ( v :) - I ) > k
,

so Proposition implies
K

P(V=vµ IT contains E) 72N
. K



Proposition : et R = ( n ,
0

,
nuns , ... )

,

let (Tre
,

V ) be a random marked tree with

degree sequence R
.

[
distinguished node

"

Let binln ) = In ,
0
,
n - i. 0,0 , ...

)
,
let (Tb .mn , ,W ) be a random marked binary

tree with n leaves
.

Then height ( V ) last height
( w )

.

pryof :
Fix SK

, 5k possible
" sub - trunks

"

for Tri , Tb ;n(n , .

SK • v .
Six

To
,

4/1 any
,

{ rn 4
.

t
\¥°

vzo
o \ ,

W vz oov
,

Y =p



Proposition : et R = ( n ,
0

,
nuns , ... )

,

let (Tre
,

V ) be a random marked tree with
^ a

degree sequence R
.

\
distinguished node

Let binln ) = In ,
0
,
n - i. 0,0 , ...

)
,
let (Tb .mn , ,W ) be a random marked binary

tree with n leaves
.

Then height ( V ) last height
( w )

.

pryof :
Fix SK

, 5k possible
" sub - trunks

"

for Tri , Tb ;n(n , .

In marked binary tree PCW= Yi I Trunk contains §
'

) = 2¥,

In marked tree with k

degree sequence in
,

P ( V=Vkl Trunk contains Sk ) 3 -

Zn - K

So can couple step - by . step constructionsoftrunks so that at each step ,

the construction of marked tree with degree sequence K is more

likely to halt ( if it has not already done
. so )

.

hg



This sampling technique has other uses
.

Theorem: There

exists
c > 0 such that the following

holds
.Fix any degree

sequence D= ( non, , nz ,
... ) , let ( Tp V) be a random marked tree with

degree sequence R
. Write var (E) = .§ iciihnng .

Then for all x > 0
,

plh.twjzxlnPTEexpfax2varlnD.andElhtNHezcv1arcnjlnP.Coro1lary.E@idlTn.D

3

dark
)
talk

8



This sampling technique has other uses
.

Theorem: There

exists
c > 0 such that the following

holds
.Fix any degree

sequence D= ( non, , nz ,
... ) , let ( Tp V) be a random marked tree with

degree sequence R
. Write var (E) = .§ iciihnng .

Then for all x > 0
,

plh.twjzxlnPTEexpfax2varlnD.andElhtNHezcv1arcnjlnP.CoroHary.lE@idlTn.D3cVarlN.1nP28Pro_of.By
Markov 's inequality ,Pfhtwkvandngtnlhfepfntw

) > 4 Elhtl #etAlso Pfhtw) II.
(ngtn# 3£ ' Pf # { uetn : htlu ) >far(ngtnl

"

'f> Ea )

So Pf # { uetn : htlu ) >

I.
(

ngtnl"f
3

Eat
) e £



This sampling technique has other uses
.

Theorem: There

exists
c > 0 such that the following

holds
.Fix any degree

sequence D= ( non, , nz ,
... ) , let ( tn V ) be a random marked tree with

degree sequence R
. Write var (E) = .§ iciihnng .

Then for all x > 0
,

p( htwjzxlnl"
2) < ex.pl -

asivarln
))

,

and Elhtlv)

.kz#(n.jlnP.
Corollary : E [ wid ( Tri

.DZ#r(NtnP2
8d?n;¥sd,

Pt # fuetn:htlutvnarcngtni'T3 'FY⇐ £

But if F 3 Bal nodes at height s
£

cvarcnytnl
"

then wid (Tri )

>5✓A4r(
B)
tnl

"2
by the pigeonhole principle .

So Elwidltn )] >
' Vayrttltnlhzt as



Results Theorem 1
: If EX = 1

,
EX2= a then

htlTfnY@lognYIOb2j.4stoi9fhftiTheorem2.I

f EX - I
,
EX2= a then wid ( Twa' ) n

"2 I -

by ( logn)
't yz

factor .

Theorem 3 : If IEX < I then htl Tf " ) (nlogn) I 0

Theorem 4 : If IEX < I then wid ( Twa) n
"2 I -

YzTheorems: htt Twa) (nlogn) has uniform sub gaussian tails

Conjectures of "

Simply - generated trees
,
conditioned Galton . Watson trees

,

Svante Janson random allocations and condensation
"

,

from Pro b. Surveys Vol 9 ( 2012 ), pages 103 - 252

Conjecture 21.5 : If EX =L
,
IEXZ = a then htl Tfn' ) n

"2 I 0

Conjecture 21.6: If EX =L
,
FLXZ = a then wid ( Twa) n

"2 I -

Problem 21.7 : Does IEX < I imply that htl Twa) n
"2 I 0 ?

Problem 21.8
: Does IEX < 1 imply that wid ( Twa) n

"2 I - ?

Problem 21.9 : Does KHTY ' ) n
"2
have uniform sub gaussian tails ?



Can pass results to simply generated trees by "

averaging over the degree sequence
"

.

Svante
Janson :

Simply
Generated

Fogt
✓

Trees
, ← ✓

conditioned O- fnign ✓
Galton -

Watson ← ✓
Trees

,

Random
Allocations
and

Condensation
.

Prob .Surveys
Vol 9 ( 2012 )

103 - 252

Up to Fogrt factor ✓



÷⇐**!Ihank
you

!



. Claimed theorem with dependence only on

p , proved it with dependence on p= max pi .

Fix : requires more careful "

dispersion
" bound for our setting .

( idea : If subcritical then pmax
- Poor p , ; if p .

close to 1 then

either very subcritical or make large jumps .)


